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Abstract 

We review recent developments in models of neutrino masses and mixing. Emphases are given to models based on 
finite group family symmetries from which the tri-bimaximal neutrino mixing can arise. In particular, we describe one 
recent model based on SUSY SU(5) combined with a family symmetry based on the double tetrahedral group, T' . All 
22 observable fermion masses and mixing angles and CP violating measures are fitted with only 9 parameters. In this 
model, a near tri-bimaximal MNS matrix and a realistic CKM matrix are simultaneously generated; the MNS matrix 
gets slightly modified by virtue of having the Georgi-Jarlskog relations. Due to the presence of complex Clebsch- 
Gordan coefficients in T' , CP violation in this model is entirely geometrical in origin. The prediction of the model for 
the leptonic Dirac CP phase is 227", which turns out to be very close to the current best fit value of 220° from SuperK. 

Keywords: Neutrino mass and mixing, Grand unified theory, family symmetry 



1. Introduction 

One of the most significant unsolved questions in par- 
ticle physics is the origin of fermion mass hierarchy 
and flavor mixing. Even though the Standard Model 
(SM) works beautifully in explaining all particle inter- 
actions, it has many free parameters in the Yukawa sec- 
tor that accommodate the observed masses and mixing 
angles for quarks and leptons. The number of free pa- 
rameters can be greatly reduced by expanding the SM 
gauge group to a grand unified gauge symmetry, which 
gives rise to inter-family relations that connect quarks 
and leptons within the same family. Further reduction 
of parameters can be achieved with an additional fam- 
ily symmetry that relates quarks and leptons of different 
families. (For reviews, see e.g. f\\.) 

The recent advent of the neutrino oscillation data 
from Super-Kamiokande gives further support to mod- 
els based on Grand Unified Theories (GUTs), in which 
the seesaw mechanism can arise naturally. The global 
fit 121 to current data from neutrino oscillation experi- 



ments give the following best fit values and Icr limits 
for the mixing parameters, 

sin^^iz = 0.319 (0.303 -0.335) , 

sin^ 023 = 0.463 (0.415 - 0.530) , 

sin6ii3 = 0.127 (0.072 - 0.165) , 

while for the mass squared differences, the global fit 
gives, 

Am^2 = (7.59 + 0.20) x 10"^ eV^ , 

(2.46 + 0.12) X 10-^ eV^ , 
-(2.36 + 0.11) X 10-3 eV^ , 

where the normal hierarchy corresponds to the global 
minima in the fit. These experimental best fit values for 
the mixing parameters are very close to the values aris- 
ing from the so-called "tri-bimaximal" mixing (TBM) 
matrix |3 1, 

V273 1/V3 
t/TBM= -VT76 I/V3 -I/V2 , (1) 
-VT76 1/V3 I/V2 
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which predicts 

sin^e™ = 1/2, sin^i 



iTBM 

'q 



= 1/3, sin 



9™3" = 0. 



(2) 



Even though the predicted 0o,tbm is currently still al- 
lowed by the experimental data at 2cr, as it is very close 
to the upper bound at the 2cr limit, it may be ruled out 
once more precise measurements are made in the up- 
coming experiments. In addition, the global has indi- 
cated a hint for non-zero 6*13 [4' T]. Some small de- 
viation from the exact tri-bimaximal mixing pattern is 
thus needed to agree with the experimental best fit val- 
ues. As illustrated below in a model based on SUSY 
5 1/(5) X r' [5, ,6J, such deviation is predicted as a result 
of the SU(5) GUT relations. 

2. Finite Group Family Symmetries 

The tri-bimaximal neutrino mixing pattern can arise 
if the neutrino mass matrix has the following form. 



A B 
B C 
B D 



B 
D 
C 



(3) 



This matrix predicts sin 2023 = 1 and 6*13 - 0, while 
leaving the value for 9^2 undetermined. This mass ma- 
trix can arise from an underlying ^3 fl], D4 f8|, or ju - r 
symmetry [9|. A prediction for tan^0i2 = 1/2 arises if 
the parameters are chosen such that A + B = C + D is 
satisfied. 

It has been pointed out that the tri-bimaximal mixing 
matrix can arise from a family symmetry in the lepton 
sector based on A4 ifTOl . which automatically gives rise 
to, A + B - C + D, leading to a prediction for the solar 
mixing angle, sin^fl^ = 1/3. However, due to its lack 
of doublet representations, CKM matrix is an identity in 
most A4 models. It is hence not easy to implement A4 
as a family symmetry for both quarks and leptons ifTTl . 

2.1. A Realistic SUSY S t/(5) x T' Model 

In |l5]|6l, a grand unified model based on SU(5) com- 
bined with the double tetrahedral group |l5][12l, T', was 
constructed, which successfully gives rise to near tri- 
bimaximal leptonic mixing as well as realistic CKM 
matrix elements for the quarks. The group T' is the dou- 
ble covering group of A4. In addition to the 1, 1', 1" 
and 3 representations that A4 has, the group T' also has 
three in-equivalent doublet representations, 2, 2', 2". 
This enables the (1-1-2) assignments, which has been 
shown to give realistic masses and mixing pattern in the 
quark sector |fT3l . 
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Table 1: Field content of our model. The Z12 charges are given in 
terms of the parameter oj = e"'*. 



One special property of T' is the fact that its Clebsch- 
Gordan coefficients are intrinsically complex, indepen- 
dent of the basis for the two group generators. This thus 
aff'ords the possibility that CP violation can be entirely 
geometrical in origin |6|. 

The charge assignments of various fields in our model 
are summarized in Table [T] Due to the transformation 
properties of various fields, only top quark mass is al- 
lowed by the T' symmetry, and thus it is the only mass 
term that can be generated at the renormalizable level. 
To give masses to the lighter generations of fermions, 
which transform non-trivially under T', the T' symme- 
try has to be broken, which is achieved by a set of flavon 
fields. Due to the presence of the Z12 x ZJj symme- 
try, only ten operators are allowed in the model, and 
hence the model is very predictive, the total number 
of parameters being nine in the Yukawa sector for the 
charged fermions and the neutrinos. The Lagrangian of 
the model is given as follows. 



+ycTaTb(p 



+ -^y,HsT,Tbcf>'^ 



"Wtf = ^ybH'-FTi<PC + ^ 



+ydH-.'FT„(l>^if,' 



yA^sFTaCji^C' 



= A^NNS 



1 

'a^ 



HsFNa'iyA2^ + hTl 



(4) 



(5) 



(6) 



(7) 



where A is the T' symmetry breaking scale. (For the 
VEV's of various scalar fields, see Ref. |5|.) The pa- 
rameters y's and A's are the coupling constants. 
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The interactions in 'Wtt and "Wtf gives rise to the 
up-type quark and down-type quark mass matrices, M„ 
and Mrf, respectively. Since the lepton doublets and iso- 
singlet down-type quarks are unified into a 5 of 5 U(5), 
their mass matrices are related. Upon the breaking of T' 
and the electroweak symmetry, these mass matrices are 
given in terms of seven parameters by Q, 



ytVu 



2 g 





-(1 - i)b 

b 



g + d-h)h 

k 

(1 + Ijb 

(l,-3)c 
b 




k 
1 




1 



(8) 



(9) 



where a, b, etc, are given in terms of the flavon 
VEVs. The S U(5) relation, = Mj, is manifest, ex- 
cept for the factor of -3 in the (22) entry of M^, due to 
the S U{5) CG coefficient through the coupling to A45. 
In addition to this -3 factor, the Georgi-Jarlskog (GJ) 
relations at the GUT scale, rrig ^ ^rrid, ^ 3ms, and 
nir ^ nit,, also require ^ being non-diagonal, lead- 
ing to corrections to the TBM pattern |5 |. Note that the 
complex coefficients in the above mass matrices arise 
entirely from the CG coefficients of the T' group theory. 
More precisely, these complex CG coefficients appear 
in couplings that involve doublet representations of T' . 

The complex mass matrices M„^ lead to a complex 
quark mixing matrix, Vckm - V], i^d,L- The relation 
6^ ^ I -s/mj/ms — V'«u/'Wf I - y/mj/ms, is manifest in 
our model. Similarly, the mixing angle fljj in the diag- 
onalization matrix Ve^i for the charged lepton sector is 
given by, - ^/^nJ^n^. Using the Georgi-Jarlskog 
relations, one then obtains the following relation be- 
tween the Cabibbo angle and the mixing angle fljj in 



the charged lepton sector, fljj 
in Vp £ are higher order in 6c 



12 

- ^Oc- All other elements 
and hence ff^2 gives the 
dominant corrections to the TBM mixing pattern. 

Due to the discrete symmetries in our model, the mass 
hierarchy arises dynamically without invoking an addi- 
tional U(l) symmetry. The symmetry also forbids 
Higgsino-mediated proton decays in SUSY version of 
the model. Due to the T' transformation property of the 
matter fields, the /j-quark mass can be generated only 
when the T' symmetry is broken, which naturally ex- 
plains the hierarchy between mt, and m,. The Z12 x ZJj 
symmetry, to a very high order, also forbids operators 
that lead to nucleon decays. 

The interactions in 'Wy lead to the following neutrino 



mass matrix, 

Mrr ^ 

So 
Mn 





1 



i 2^0 + m 

-^0 



-^0 + 



-^0 

2^0 



(10) 



,(11) 



which is parametrized by two parameters, giving the 
three absolute neutrino masses |5|. As these interac- 
tions involve only the triplet representations of T' , all 
CG coefficients are real, leading to a real neutrino Ma- 
jorana mass matrix. The effective neutrino mass matrix. 
My - MoM^j^M^, has the special property that it is 
form diagonalizable, i.e. independent of the values of 
^0 and Mo, it is diagonahzed by the tri-bimaximal mix- 
ing matrix. 



UjsM^yUrBM = diag(mi,m2,m3) 



= diag((Mo + 3^0) , Mq, -(-mo + 3fo) ) 



(12) 
So ' 



where v'^ - ^o^o^u- (For general conditions for form 
diagonalizability, see Ref. lfT6ll .) While the neutrino 
mass matrix is real, the complex charged lepton mass 
matrix Mg, leads to a complex Vpmns = V'^^f/xBH- The 
Georgi-Jarlskog relations for three generations are ob- 
tained. This inevitably requires non-vanishing mixing 
in the charged lepton sector, as mentioned previously, 
leading to corrections to the tri-bimaximal mixing pat- 
tern. Consequently, our model predicts a non-vanishing 
013, which is related to the Cabibbo angle as. 



0J3 V2 . 



(13) 



Numerically, this is close to sinflo ~ 0.05 which is ac- 
cessible to the Daya Bay reactor experiment. In addi- 
tion, our model gives rise to a sum rule between the 
Cabibbo and the solar mixing angle for the neutrinos. 



tan^ 00 ^ tan^ ^g.tbm + :z0c cos 6{ , 



(14) 



which is a consequence of the Georgi-Jarlskog rela- 
tions in the quark sector Here the parameter 6[ is the 
Dirac CP phase in the lepton sector in the standard 
parametrization. This deviation could account for the 
difference between the experimental best fit value for 
the solar mixing angle and the value predicted by the 
tri-bimaximal mixing matrix. 

Since the three absolute neutrino mass eigenvalues 
are determined by only two parameters, there is a sum 
rule that relates the three light masses. 



I V»l3l| = 2| V»l2l , 



(15) 
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for (3^0 + rio)0^o - m) > 0, and 



(16) 



for (3^0 + '7o)(3^o - Ho) < 0. In the model, both normal 
and inverted hierarchical mass patterns can be accom- 
modated. This is to be contrasted with the case using 
the effective operator of the HHLL type, in which the 
normal hierarchy is predicted 

In our model, all 22 observable fermion masses and 
mixing angles and CP violating measures are fitted with 
only 9 parameters. 

2.2. Numerical Results 

With the input parameters b = 0o'/'o/^o = 0.00304, 
c = iAoM)/^o = -0.0172, k = y'iPo(Q = -0.0266, 



h = 4>l = 0.00426, and g = 



1.45 xlQ-\ the 



following mass ratios are obtained, : m,, : nih - 
ff-^ : 8^ : 1 and ot„ : : m, ^ fff : 0^ : 1, with 
9c - ^frnjjnis ^ 0.225. We have also taken y, - 1.25 
and jbipo^Q - nihlm, ^ 0.011 and have taken into ac- 
count the renormalization group corrections. As a result 
of the Georgi-Jarlskog relations, realistic charged lepton 
masses are obtained. These parameters also gives rise to 
the following complex CKM matrix. 



0.974 

-0.227 - 0.000164e'''^5-6'' 
0.00932 - 0.00401e''^5.6'' 



0.227 

0.974-0.0000384e''*^-6'' 
-0.0400 - O.0O0935e''*5-6'' 



0.004 12e"'^ 
0.0411 



(17) 



The predictions of our model for the angles in the uni- 
tarity triangle and the Jarlskog invariant in the quark 
sector are, p = 23.6", a = 110°, y = = 45.6", 
and J - 2.69 X 10"^, where 6q is the CP phase in the 
standard parametrization, which has a large experimen- 
tal uncertainty at present. In terms of the Wolfenstein 
parameters, we have A = 0.227, A = 0.798, p = 0.299, 
and 77 - 0.306. These predictions are consistent with 
the current experimental limits at 3cr. 

In the lepton sector, the diagonalization matrix for the 
charged lepton mass matrix combined with Utbm gives 
numerically the following PMNS matrix. 



0.838 

-0.385 - 0.0345e''22'''' 
0.384 - 0.0346c''227" 



0.542 
0.594 - 0.0224£-''22'''' 
-0.592 - 0.0224e'227^ 



O.0583e"'-- 
0.705 
0.707 



(18) 



which predicts sin^ B.,,„, - 1, tan^ 0q - 0.420, and \Uei\- 
0.0583. The two VEV's, ?7o = 0.1707, ^0 = -0.0791, 
and So = lO'^ GeV, give Am^,^ = 2.5 x lO^^ eV^ and 
Aot| - 7.6 X 10"^ eV^. The leptonic Jarlskog is pre- 
dicted to be J( - -0.00967, and equivalently, this gives 
a Dirac CP phase. 



which is very close to the current best fit value of 
6e = 220" from SuperK [19|. With such 6c, the correc- 
tion from the charged lepton sector can account for the 
difference between the TBM prediction and the current 
best fit value for 0©. Our model predicts 

(mi, OT2, OT3) = (0.00134, 0.00882, 0.0504) eV , (20) 



for normal hierarchy, with Majorana phases 
a2\ — , ttai = Ti . 



(21) 



Since the leptonic Dirac CP phase, 6t, is the only 
non-vanishing CP violating phase in the lepton sector, 
a connection IfTTHTSl between leptogenesis and low en- 
ergy CP violating leptonic processes, such as neutrino 
oscillation, can exist in our model. 

2.3. Curing the FCNC Problem: Family Symmetry v.s. 
Minimal Flavor Violation 
We note that in addition to the capability of giving 
rise to mixing angles and CP violation from CG co- 
efficients, the group T' has recently been utilized in 
a Randall-Sundrum model to avoid tree-level flavor- 
changing neutral currents fT4l, which are present in 
generic RS models. 

3. Beyond Tri-bimaximal Mixing 

With the current experimental precision on the mea- 
surements of the neutrino mixing angles, the TBM mix- 
ing pattern can be accidental |21|. Other mixing pat- 
terns II22I that haven been suggested are the following. 

3. 1. Golden Ratio for Solar Mixing Angle 

It has been suggested |23 1 that the solar mixing angle 
is related to the Golden ratio, 

tan^ 6q = 1/0)2 = Q 332^ (D = (1-h V5)/2 = 1.62 , (22) 

which is 1.4cr below the experimental best fit value. 
Symmetries based on Z2 x Z2 A5 |l24l |25], and 
Dio |26|, have been utilized to get the above relation. 

3.2. Dodeca Neutrino Mixing Matrix 

It has also been suggested that Il27l that to the leading 
order 0c = 15", 0q = 30", ft„„, = 45". This corresponds 
to the foUowing PMNS matrix. 



V, 



PMNS 



COS I 



sm 



6 

COS 



1 





1 

"V2 ^ 



(23) 



61 = 227" , 



(19) 



andean arise from the Z2XZ12 - Dn symmetry. Correc- 
tions to the predictions for the mixing angles can arise 
from Dio symmetry breaking. 
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4. TeV Scale Seesaw Models and U{iy Symmetry 

In the conventional wisdom, the smallness of the neu- 
trino masses is tied to the high scale of the new physics 
that generates neutrino masses as described in the above 
scenarios. In |28|, an alternative was proposed in which 
the small neutrino masses are generated with TeV scale 
physics. This allows the possibility of testing the new 
physics that gives rise to neutrino masses at the Teva- 
tron and the LHC. This is achieved by augmenting the 
Standard Model with a non-anomalous 11(1)' symme- 
try and 3 right-handed neutrinos. Due to the presence of 
the U(iy symmetry, neutrino masses can only be gener- 
ated by operators with very high dimensionality, which 
in turn allows a seesaw scale as low as a TeV. By mea- 
suring the decay properties of the Z' gauge boson, the 
model can be tested at the LHC |29|. 

While there exists an earlier claim |30 | that the U(l) 
symmetry has to be anomalous in order to generate re- 
alistic fermion masses and mixing, we note that counter 
examples to this claim have been found 131] in which 
it is shown that a non-anomalous t/(l)' symmetry can 
be a family symmetry giving rise to realistic masses and 
mixing angles of the SM fermions. In addition to solv- 
ing the fermion mass problem, such a non-anomalous 
U(iy family symmetry also provides a solution to the 
tachyonic slepton mass problem which generically is 
present in anomaly mediated SUSY breaking ll32ll . 

5. Conclusion 

We present a model based on S U(5) and the double 
tetrahedral group T' as the family symmetry. CP viola- 
tion in our model is entirely geometrical due to the pres- 
ence of the complex group theoretical CG coefficients 
in T'. The Georgi-Jarlskog relations automatically lead 
to a sum rule between the Cabibbo angle and the solar 
mixing angle for the neutrino. The predicted CP viola- 
tion measures in the quark sector are consistent with the 
current experimental data. The leptonic Dirac CP vio- 
lating phase is predicted |6| to be 5^ ~ 227", which is 
very close to the current best fit value of 6e = 220" from 
SuperK and it gives the cosmological matter-antimatter 
asymmetry Ii20i . 
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